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Abstract-A simple and systematic procedure is developed to determine the effectiveness and exit fluid 
temperatures of complex assemblies of identical heat exchangers. Three complex assemblies have been 
chosen to illustrate the procedure. The excellent agreements between the results of the procedure developed 
and those in the literature validate the procedure. Parametric studies, including those of coupling method, 
flow arrangement, ratio of heat capacity rates of both fluids, number of transfer units, and pass number, 
have been performed to investigate their effects on the effectiveness of assemblies with identical crossflow 
shell-and-tube heat exchangers. Moreover, the assembly with non-identical heat exchangers is also studied 

to examine the general applicability of the present procedure. 

INTRODUCTION 

COMPLEX assemblies of heat exchangers have been 
widely used in industry to provide high effectiveness 
and to meet space requirements. Each exchanger is 
termed as a pass of the resultant assembly. Many 
assemblies have been proposed in practical appli- 
cations and three of them are presented in Fig. 1. 
These are termed as serial I-N, serial 2-N and mis- 
cellaneous assemblies, respectively. To facilitate the 
presentation, crossflow shell-and-tube heat ex- 
changers are chosen with solid lines denoting the flow 
path of the shell fluid and dashed lines that of the 
tube fluid. Due to the arbitrary characteristics of the 
coupling methods in these assemblies, it is necessary 
to develop a systematic procedure to evaluate their 
effectiveness before application. 

By the matrix formulation, Domingos [I] proposed 
a general method to calculate the effectiveness and 
intermediate fluid temperatures in complex assemblies 
of heat exchangers. Pignotti [2] indicated that this 
method did not properly apply to ail possible complex 
assemblies and proposed a generalized coupling 
scheme. Nevertheless, it is difficult to determine all 
coupling paths used in that scheme for very complex 
assemblies, making this scheme less attractive for 
practical application. For serial assemblies with iden- 
tical passes, Gardner and Taborek [3] derived some 
relations which, with the functional form for effec- 
tiveness of a single pass heat exchanger, are used to 
find the effectiveness and temperature correction 
factors. It is applied to any number of passes for the 
serial 1-N assembly, but only even numbers of passes 
can be applied for the serial 2-N assembly. Chen and 
Tsai [4] developed a computational model to calculate 
the temperature correction factors for the serial 1-N 

t To whom correspondence should be addressed. 

assembly with any number of identical passes and 
those for the serial 2-N assembly with four identical 
passes. Due to complex mathematical manipulations 
required to determine the coefficients in the resultant 
polynomial, it is difficult to extend this model to other 
complex assemblies. Recently, Pignotti [5] established 
a simple relation between the thermal effectiveness of 
two heat exchanger configurations that differ from 
each other in the inversion of either one of the two 
fluids. Kandlikar and Shah [6] derived closed-form 
equations for plate heat exchangers with the number 
of thermal plates approaching infinity. 

This work develops a simple and more systematic 
procedure to calculate the total effectiveness and out- 
let temperatures of both fluids at each pass for com- 
plex assemblies of heat exchangers. The assemblies 
shown in Fig. 1 are used to illustrate the application 
and validate this procedure. For these complex 
assemblies with identical crossflow shell-and-tube 
heat exchangers in which shell 0uid is mixed and tube 
fluid is unmixed, effects of the ratio of heat capacity 
rates of fluids, R, number of transfer units, Ntu, flow 
arrangement, coupling method, and pass number on 
the effectiveness of these complex assemblies are also 
presented and discussed for the thermal design and 
evaluation of these complex assemblies. 

THEORETICAL ANALYSIS 

It is assumed that each fluid is completely mixed 
between passes and R is identical for each pass. 
During the formulation, passes are numbered along 
the flow path of shell fluid. The thermal effectiveness, 
P, of each fluid is defined as 

T,., - T,.i 
P, = ___ 

K.i - T,.i 
(la) 
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NOMENCLATURE 

elements of coefficient matrix defined in r normalized mean temperature difference 
equation (19) r( T,) temperature of shell fluid [K] 
total heat transfer area of a complex t(T,) temperature of tube fluid [K] 
assembly [rn? fJ overall heat transfer coefficient 
column matrix with unity elements [w m* K- ‘1. 
heat capacity rate of fluid w K- ‘1 
effectiveness 
temperature correction factor 

Superscript 

pass index, j = 1,2,3,. . . . N j jth pass. 

non-dimensionalized inlet temperature 
difference defined in equation (3) Subscripts 
total pass number i inlet 
number of transfer units, CIA/C,,,,, i jth pass 
zero and positive integers min minimum 

in equation (4) ” 
non-dimensiona.ized temperature defined 0 outlet 

S shell 
thermal effectiveness defined in equation (2) t tube 

CL! C, 1 first pass. 

P, = Ts.i - T.o 
(lb) 

perature difference between the shell and tube fluids 

c.i - T,., of the jth pass, M,, is defined as 

It is clear that P, = RP!. In particular, P, of the jth M = Z’- T:.:’ 
i (3) 

pass, Ptj, is defined as T,., - T,., 

p 
I./ 

= T,!:’ - rtl:’ 
If all temperatures are non-dimensionalized as 

TU’_ T”’ 
(2) follows : 

\.I 1.1 

and Psj = RP,,j. The non-dimensionalized inlet tem- 
o, = T, - Tt.1 

!. 
Ts.i - T,., ’ 

k=sort (4) 

serial 1-N l srembly 

rcwial 1-N assembly 

serial 2-N mssmbly miscellaneous awembl$ 

a. Overall Parallel Flow 

serial 2-N lnembly 

b. Overall Counterflow 

FIG. 1. Assemblies of heat exchangers for the parallel flow and counterflow arrangements. 
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it is obvious that the non-dimensionalized outlet tem- 
peratures of shell and tube fluids of each pass are 
determined by the following recurrence relations 

Oif = OS{’ - RM, P,Tj, J- = 1, N (5) 

O$Jd = O$+M-P I t.19 j= 1,N (6) 

with the starting conditions 

0s.i = 1, 0c.i = 0. (7) 

By the above definition, it is self-evident that 

P, = f M,P,. (8) 
j=l 

The remaining task is to determine the unknown Mj. 
Along the flow path of each fluid, adding the non- 
dimensionalized terminal temperature differences of 
shell fluid (M,,,, RP,,) and tube fluids (M,. P,,) of 
upstream passes of the jth pass to Mj results in the 
non-dimensionalized inlet temperature difference 
between the shell and tube fluids of the assembly. 
When this procedure is applied to all passes of the 
assembly, it results in N simultaneous equations, 
which are compact!y expressed in matrix form as 

[4{W = {BI- (9) 

After obtaining these Mj from equation (9), P, is 
calculated by equation (8) and the effectiveness of 
the assembly, E, is determined by 

E = 
1 

Rp; 
ifR<l 

,, ifR>l. (10) 

The mean temperature difference, r, of the assembly 
is determined from the definition by 

r = E/Ntu (11) 

and the temperature correction factor (TCF), F, of 
the assembly is obtained by [A 

,=Wt,R) Ct 
Ntuc,, 

where 

X(P,,R)=&.ln , R#I 

(12) 

pt 
=I-p,v R = 1. (13) 

Up to now, no restriction on identical passes is 
required. This procedure can also be applied to 
assembly, coupled by passes of various types of heat 
exchangers if they satisfy the assumptions mentioned 
in the beginning of this section and the effectiveness 
of each pass is known. For assembly with identical 
passes, Ntuj and Pcj can be represented by Ntu, and 
Pt., [4] and Ntu, is related to the Ntu of assembly by 

Ntu = Ntu,* N. (14) 

overall countertlow miscellaneous assembly is chosen. 
For the pass j, say 4, the upstream passes are 1, 2, 3 
along the flow path of shell fluid and 6, 3 along the 
tube fluid. Applying the procedure to this pass gives 

M,RP,, l M,RP,,, +M,RP,.,+M,+M,P,,: 

+M,P,, = 1 (15) 

and the remaining passes give similar equations. After 
rearrangement, these equations are expressed as 
equation (9). 

RESULTS AND DISCUSSION 

For the crossflow shell-and-tube heat exchanger, 
the temperature effectiveness of tube fluid is deter- 
mined by the relation of Smith [8], which is a function 
of R and Ntu. Several verifications have been made to 
assess the developed procedure and only some of them 
are presented here. Since the exact expressions of the 
mean temperature difference are available for serial 
1-N assemblies with both flow arrangements [9], the 
mean temperature differences calculated by the pre- 
sent model have been compared with the exact ones 
for various R and pass numbers. Figure 2 presents 
a typical comparison and shows that the calculated 
results are in good agreement with the exact ones [9]. 
Applying Domingos’ model [l] to serial 2-N assem- 
blies with four passes results in expressions of the 
P,-factor for the parallel flow arrangement as 

4P,,, -6(1+ R)P;, +4(1 +R+ R’)P;; 

P, = 
-(l+R+R2+R3)P;1, (16) 

I-3RP;,+(l+R)RP;, 

and for the counterflow arrangement as 

p =4P,,,-6(1+R)P:,+4(1+R)‘P&(1+R)3P:, 
I I-3RP,f;+3R(l+R)P;,-R(l+R)‘P;, ’ 

(17) 

Figure 3 compares the results of the present model 
with those obtained by Domingos’ model [1] for this 
case and shows that both models give almost identical 
results. These assessments validate the accuracy and 
reliability of the present model. 

For the same number of identical passes, it is of 

01 I t I , ‘p 
0 .2 .4 .6 .B 1.0 

P 

FIG. 2. Dependence of mean temperature difference on the __ - 
P-factor for serial I-N complex assemblies. To illustrate the application of this procedure, an 
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FIG. 3. Dependence of effectiveness of serial 2-N complex 
assemblies with four passes on the Nru. 

practical interest to investigate the effects of R, Nrn, 

flow arrangement, and coupling method on the effec- 
tiveness of these complex assemblies. Before these 
effects are presented, a dual chart [IO] which plots r 
versus P, with Ntu and R as parameters will be dis- 
played to satisfy the diversified needs for exchanger 
design. Since F versus P, plots for serial assemblies 
are available in the literature and r can be calculated in 
terms of F, R and P, with equations (1 l)-( 13) without 
difficulty, the dual charts of serial assemblies are not 
given here and only those for the miscellaneous 
assembly are shown in Fig. 4 for both flow arrange- 
ments. It is seen that the mean temperature difference 

NW 0.2 0.4 0.6 0.8 1.0 
1.0 

.a . 
k 
Z 1.5 
$ .6 

2.0 
f 
y .4 

3.0 

.2 
4.0 

0 

P 

a. Parallel flow srrargmant 

and P, both decrease with the increase of R at constant 
Ntu for both flow arrangements. 

Figure 5 shows that R as well as its inverse l/R 

both have a similar effect on the effectiveness of serial 
assemblies. Thus, only the results of R less than unity 
are presented hereafter. For a constant Ntu, the effec- 
tiveness of serial assemblies decreases with an increase 
of R, which is less than unity for both flow arrange- 
ments. As R approaches zero, the effectiveness of each 
complex assembly approaches a nearly constant value 
regardless of the flow arrangement. As shown in Fig. 
6, for a constant R and with increasing Ntu, the effec- 
tiveness of serial assemblies increases for the counter- 
flow arrangement. For the parallel flow arrange- 
ment, while the effectiveness of serial 1-N assemblies 
approaches its asymptote monotonically with increas- 
ing Ntu, that of the serial 2-N complex assembly has 
a maximum at an optimal Ntll value which decreases 
as R increases. The effectiveness decreases as Ntzr 
exceeds the optimal value. Consequently, the effec- 
tiveness of the serial 2-N complex assembly becomes 
lower than that of a serial I-N assembly at the cross- 
over Ntu values, which also decreases as R increases. 

As is also shown in Figs. 5 and 6, the countertlow 
arrangement is found to be superior to the parallel 
flow arrangement in serial assemblies, which is con- 
sistent with the results of ref. [4]; To illustrate the 
effects of passes on overall heat exchange, Fig. 7 shows 

1 

NW= 0.2 0.4 0.6 0.8 1.0 

.8 

e. Ntu - 4. N - 10 

b. Camtuflow armqcment 

FIG. 4. Dual chart for miscellaneous assemblies. 
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FIG. 5. Effect of R on the effectiveness of serial complex 
assemblies. 
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FIG. 6. Effect of Nru on the effectiveness of serial assemblies. 

the inlet temperature differences between both fluids 
in different passes of serial assemblies for both flow 
arrangements for various Nru values. It reveals that 
some passes become inactive in heat exchange at high 
Ntu values. Moreover, at higher Nru values, the heat 
duties of the heat exchanging fluids are interchanged 
in some passes. It is seen that, for the counterflow 
arrangement, the serial 2-N complex assembly is more 

prone to the aforementioned pass inactivity than the 
serial 1-N complex assembly. Although not shown 
in these figures, these findings are also true for the 
miscellaneous assembly. 

For all the assemblies studied, if the flow directions 
of both fluids are reversed simultaneously, it is found 
that the coefficient matrix after flow reversal becomes 
the transpose of that prior to flow reversal. When 
both fluids are interchanged, the coefficient matrix 
after flow interchange is formed by replacing P, and R 
in that prior to flow interchange by RP, and l/R, 
respectively. As indicated in ref. [2], a complex 
assembly preserving the flow reversibility and stream 
symmetry is required to keep its effectiveness 
unchanged under the transformations of flow direc- 
tion and fluid interchange, respectively. Table 1 
shows, for the parallel flow as well as the counterflow 
arrangements, that the flow reversibility is preserved 
in all the assemblies studied. However, only the serial 
I-Ncomplex assembly preserves the stream symmetry. 
This is because the serial 2-N and miscellaneous 
assemblies do not satisfy the necessary condition of 
geometrical symmetry [l 11 under the interchange of 
the fluids. However, all assemblies preserve stream 
symmetry if R is equal to unity. 

The effectiveness of the three assemblies is com- 
pared in Fig. 8 for both flow arrangements. For the 
parallel flow arrangement, owing to the occurrence 
of parallel flow and counterflow in the intermediate 
passes introduced by the complex coupling of the 
serial 2-N and miscellaneous assemblies, their effec- 
tivenesses are higher than that of the serial 1-N com- 
plex assembly at low Ntu values. However, due to the 
aforementioned degradation of effectiveness with the 
increase in Ntu, the opposite trends are found at high 
Ntu values. For the counterflow arrangement, the 
occurrence of parallel flow and counterflow in the 
intermediate passes causes the effectiveness of the 

Pas3Mbap Paos ruder 

a. Parallal fla 

Pats nubar 
0 2 4 6 6 10 0 2 4 6 e 10 

Pass nuaber Pas nubar 

b. Countarfla 

FIG. 7. Inlet temperature differences between shell and tube fluids of passes of serial complex assemblies 
(N= IO). 
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FIG. 8. Et&t of coupling method of complex assemblies on 
the effectiveness. 

serial 2-N and miscellaneous assemblies to be lower 
than that of the serial 1-N complex assembly for all 
Ntu values. Moreover, at high Ntu values, the effec- 
tiveness of the miscellaneous assembly approaches 
that of the serial 2-N complex assembly, which implies 
that the effect of complex coupling can be neglected 
for the countertlow arrangement if Stu is high. For 
both flow arrangements, the effectiveness of the mis- 
cellaneous assembly is found to be between those of 
the serial 1-N and 2-N complex assemblies in which 
the passes are more regularly coupled. Thus, the effec- 
tiveness of the serial complex assembly gives the upper 
and lower bounds for that of the miscellaneous 
assembly. 

For a constant Ntu, it is important to investigate the 
dependence of the etfectiveness of a complex assembly 
with identical passes on the pass number. Figure 9 
presents such a dependence for serial complex 
assemblies. For various NW, only the effectiveness of 
the serial I-N complex assembly with the counterflow 
arrangement shows monotonic dependence on the 
pass number. Other cases show oscillatory depen- 
dence for small pass numbers and monotonic depen- 
dencies as the pass number increases further. In the 
serial 1 -N complex assembly, the effectiveness of both 
flow arrangements approaches their respective asymp- 
totes with the increase of pass number [4]. This shows 
that the flow arrangement has a significant influence 
on the effectiveness of this complex assembly whatever 
the pass number may be. In the serial 2-N complex 
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FIG. 9. Effect of pass number on the effectiveness of serial 
complex assemblies. 

assembly, the effectiveness of the parallel flow 
arrangement increases and that of the countetlIow 
arrangement decreases as the pass number exceeds 
that where the oscillatory dependence occurs. Fur- 
thermore, they asymptotically approach each other 
as the pass number increases, which is consistent with 
ref. [3]. This implies that the flow arrangement has 
no effect on the effectiveness of the serial 2-N com- 
plex assembly if the number of passes exceeds the 
asymptotic value of N, which is found to increase with 
increasing Ntu (Fig. 9). 

in addition to the foregoing discussion, a parallel 
flow serial 1-N assembly with non-identical passes 
shown in Fig. l(a) was chosen to illustrate the extension 
of the present procedure applied to non-identical heat 
exchangers. Since both fluids have the same flow paths 
in this case, the upstream passes of the jth pass are 
pass 1,2,. . . ,j- 1 for both fluids. The equation of the 
jth pass is written as 

j- I I- 1 

1 MmRP,,+Mj+ 1 MnPu = 1 (18) 
m-.1 n-l 

in which P,, = P,, if m = n. Applying the procedure 
to all passes gives, after rearrangement, the ex- 
pressions for the elements of [A], A, as 

I 

0, j>i 

A, = 1, j=i (1% 

(1 +R)P,,, j < i. 

Due to the special feature of the coefficient matrix in 
this case, an explicit expression for the P, of this case 
can be derived as 

P, = 

l- jfp -(1+Wt.il 

l+R 
(20) 

which is identical to those derived by other models 
[1,2]. The extension of this procedure to assembly 
coupled by non-identical passes is thus shown to be 
straightforward and reliable. 

CONCLUSIONS 

This work presents a simple, general and systematic 
procedure to determine the effectiveness and fluid tem- 
peratures for assemblies of heat exchangers. The main 
task in this procedure is the formulation and solution 
of a matrix equation in which the coefficient matrix is 
derived for a given complex assembly of heat ex- 
changers. Explicit expressions are derived for some 
cases. The validity of this procedure has been deter- 
mined by its application to three complex assemblies 
of heat exchangers. 

For assemblies in Fig. 1 with identical crossflow 
shell-and-tube heat exchangers in which the hot fluid 
is on the shellside and the cold fluid on the tubeside, 
some parametric studies, including those of R, Ntu, 

flow arrangement, coupling method, and pass 
number, have been conducted to investigate their 
effects. The conclusions drawn from these studies are 
as follows. 

(1) At a constant Ntu, R has a similar effect on the 
effectiveness to that of its inverse. For each complex 
assembly, the effectiveness decreases with the increase 
of R for R c 1. Furthermore, as R approaches zero, 
the effectiveness approaches a common value regard- 
less of the flow arrangement. For the serial 2-N and 
miscellaneous assemblies with the parallel flow 
arrangement, the enhancement from the increase of 
Ntu is degraded as Ntu exceeds the optimal value, 
which decreases with increasing R. At a constant R 

and with increasing Ntu, some passes become inactive 
in heat exchange and the heat duties of the fluids are 
interchanged in some passes. 

(2) The flow arrangement plays an important role in 
determining the effectiveness of a complex assembly. 
However, it has no effect on the serial 2-N complex 
assembly if the pass number is greater than the asymp- 
totic value, which increases with the increase in Ntu. 

To obtain higher effectiveness, the flow directions of 
both fluids should be arranged in a counterflow sense. 
Flow reversibility has been shown to be preserved for 
all the assemblies studied. However, only the serial 
1-N complex assembly preserves stream symmetry. 

(3) For a constant number of passes, complex coup- 
ling enhances the effectiveness of the resultant com- 
plex assembly for the parallel fiow arrangement at low 
Ntu. However, it reduces the effectiveness if Ntu is 
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higher than the optimal value, which decreases with 
increasing R. For the counterRow arrangement, com- 
plex coupling degrades the effectiveness at all Nru 3. 

values. Moreover, the effect of complex coupling can 1. 
be neglected at high Ntu values. The effectiveness of 
serial assemblies gives the upper and lower bounds 
for miscellaneous assemblies. 

(4) For a small number of passes, the effectiveness j’ 
of the serial complex assembly, except for the serial l- 
N complex assembly with a counterRow arrangement, 6. 

shows an oscillatory dependence on the pass number. 
For both flow arrangements, while the effectivenesses 
of serial 1-N assemblies approach their respective 

7, 

asymptotes, those of serial 2-N assemblies approach 
a common asymptotic value as the pass number 8. 
increases. 

0. 
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PROCEDURE GENERALE POUR L’EFFICACITE DES ASSEXIBLAGES COMPLEXES 
D’ECHANGEURS DE CHALEUR 

R&urn&-Une prockdure simple et systkmatique est developpee pour dkterminer I’eflicacit& et les tem- 
ptratures de sortie du fluide des assemblages complexes d’khangeurs thermiques identiques. Trois assem- 
blages complexes sont choisis pour illustrer la procCdure. Les excellents accords entre les risultats de la 
procCdure d&elopp& et ceux trouvt% dans la littirature valident cette procidure. Des Ptudes paramktriques 
incluant celles de la mithode de couplage, d’arrangement d’tioulement. du rapport descapacites thermiques 
des deux fluides, du nombre d’unitts de transfert et du nombre de passes ont &tk conduites pour Ctudier 
leurs effets sur I’efficacitC des assemblages. Ntanmoins l’assemblage d’bchangeurs diffkrents est etudie pour 

examiner l’applicabilite de la prksente procidure. 

EIN ALLGEMEINES VERFAHREN ZUR BESl-lMMUNG DES WIRKUNGSGRADES 
KOMPLEXER WARMETAUSCHER-ANORDNUNGEN 

Zusammenfassung-Es wird ein einfaches und systematisches Verfahren entwickelt zur Bestimmung des 
Wirkungsgrades und der Austrittstemperaturen einer komplexen Anordnung von gleichartigen W&me- 
tauschern. Drei Anordnungen werden gewLhlt, urn das Verfahren vorzustellen, das eine hervorragende 
ffbereinstimmung mit Ergebnissen aus der Literatur liefert. Es wird tiber eine Parameteruntersuchung 
berichtet, die das Verfahren der Kopplung, die Striimungsanordnung. das Verhlltnis der Wlrme- 
kapazit;iten der beiden Fluide, NTU sowie die Anzahl der Durchf,gnge umfal3t. Dabei wird der Wirk- 
ungsgrad der Anordnungen aus gleichartigen Kreuzstrom-Rohrbundel-Wiirmeaustauschern bestimmt. 
AuBerdem wird such eine Anordnung mit nicht-gleichartigen W~rmedustauschern untersucht, urn die 

allgemeinere Anwendbarkeit des Verfahrens zu iiberprfifen. 

OSW METOAMKA OI-IPEAEJIEHMR 3Q@EKTMBHOCTM CIIOxHbIX AHCAMSIIER 
TEI-IJ’IOOEiMEHHMKOB 

Amnxauma-Pa3pa6oraiia nponaa cmxeh4a7W02cKan h4eTon5fKa 0npeneneiiHn ~+&~THBHOCTH H TeMne- 
paryp yHlIIocm Ha abIxone m CJI~~ aHcaM6neiI iineIfTmHba( ~en;loo6~exmirtos. &TX Hnxxzpa- 
lJI5i e IlpHMeHeHHn Sld6~Hbl TpA CJlOYHbtX aitcahi6na. fi~OWpHOCTb MeTOLlHKH IlOATB~WleHa 
xopourn~ CooTsCTCTBHeM ~exuy pe3ynbTaTaMK nonygeHHblMH n0 LIpmO%eHHOk MCTOLU(KC, H HMCW- 

UDihiECR B AHTepNyPe mHHbhCA. Bsmormewr Ila~MeTpH’IeCKHe HCCAeAOBaHHX, BY~lOYalOUIiiC MCTOA 
n3a~oAekcrwn. crpyrTypy TeqexHq 0motueHtie TennocMltocreR o&ax rulnrrocrefi, KOJIH~~~BO nepe- 
HOCHMbIX QjZHIXB& a Tal(ye ~K,',lauHOHHOe WCnO C UUbH3 yCTaHOB,lCHHK HX BJIHIHHI Ha 3@&KTHB- 
HOcTb artcaht6nefi RII(?HT&iqHbU roxyxo-~py6~~x TeM006MeHHHXOB c noneperlsbw o6TeKaHHeM. &WI 
OUeHxH o6urefi rIpHMeHHMoCTH npeAJIOxeHH0~ M~TOABKB H3paeTcn TaKxe aHCaM6Ab HeHAeHTHwIbtx 

TeMOO6MCHHHKOB. 


